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ABSTRACT 

Scatter  field  and.  radar  response  of  an  infinitely  long  straight  metallic 
wire  are  derived  assuming  that  the  vire  ia  illuminated  bjr  an  antenna  radiating 
a  Oauaaien  bean  of  n&rxew  bean  width.  The  scatter  field  haa  essentially  the 
sane  distribution  In  any  plane  through  the  wire  axis;  it  varies  from  plane 
to  plane  by  only  an  amplitude  factor.  The  radav  response  is  at  a  narlnwn 
for  vertical  incidence  -  when  the  bean  axle  interacts  the  wire  axis  at 
right  angles  -  and  decreases  exponentially  with  creasing  Inclination  of  the 
bean  axis  against  this  direction.  Ko  side  lobes  are  obtained  for  danse ian 
illunlnatlon,  at  least  not  in  the  interesting  range  of  snail  angular  devia¬ 
tions  fron  vertical  incidence  where  the  radar  response  has  appreciable  values* 
Two  cases  can  be  distinguished:  (l)  the  wire  crosses  the  Fresnel  region  of 
the  antenna  and  (2)  the  wire  is  situated  in  the  antenna  far  sane.  In  the 
former  esse,  the  theory  is  limited  to  wire  radii  not  exceeding  the  bene 
radius  at  the  anteana;  in  the  latter  case*  arbitrary  wire  radii  are  admis¬ 
sible  .  If  the  vire  is  located  in  the  fur  field  region  of  the  antenna,  the 
expression  derived  for  the  radar  response  can  be  gees  rallied  so  that  it 
applies  to  any  anteana  characteristic  *  The  generalized  expression  shows 
that  a  radar  cross  section  can  be  assigned  to  the  wire  even  though  It  has 
been  assumed  to  be  Infinitely  long;  this  radar  cross  section  Increases  lin¬ 
early  with  distance  between  antenna  and  wire* 
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RADiftR  RESPONSE  OF  LONG  WIRES 


1.  INTRODUCTION 

Helicopters  flying  an  low  altitudes  must  avoid  collision  with  natural  and 
man-made  obstructions  *  Hie  visibility  of  these  obstacles  depends,  apart  front 
weather  conditions,  on  their  geometrical  configuration.  The  geometrical  con¬ 
figuration  of  thin  vires  with  long  suspension  lengths  iB  particularly  incon¬ 
spicuous,  and  lie  question  arises  whether  such  wires  can  be  detected  at  safe 
distances  by  the  helicopter  radar  system. 

To  obtain  quantitative  information  on  this  problem  toe  scatter  properties 
of  straight  metallic  wires  are  derived  in  tnis  paper;  the  assumption  is  made 
that  an  antenna  emitting  a  time-harmonic  beam  with  a  narrow  Gaussian  rrdiation 
characteristic  is  the  source  of  excitation.  The  wire  is  assumed  to  he/e  circu¬ 
lar  cross-section  and  to  be  long  compared  to  the  antenna-beam  diame+ur  at  the 
location  of  the  wire.  The  scatter  field  produced  by  diffraction  of  the  inci¬ 
dent  beam  at  the  wire  is  derived,  and  the  fraction  of  the  radiated  power  which 
in  this  scatter  field  is  returned  to  and  received  by  the  antenna  is  calculated. 

By  means  of  the  reciprocity  theorem,  a  general  formula  can  be  determined 
for  the  ratio  of  received  and  transmitted  antenna  power.  Hits  formula  holds 
for  any  scatter  object  and  any  antenna  characteristic.  When  applied  to  a 
straight  metallic  wire  illuminated  by  a  Gaussian  antenna,  this  formula  l**ds 
to  an  expression  containing  triple  integrals.  A  rigorous  evaluation  of  Wiese 
Integrals  is  mathematically  difficult,  hut  with  appropriate  approximations 
closed  form  solutions  are  obtained  for  the  radar  response.  Hie  approxima¬ 
tions  are  based  on  the  assumption  that  the  beam  width  of  the  Incident  besom  is 
in  the  order  of  1°. 

Two  cases  can  be  distinguished,  that  the  wire  crosses  the  Fresnel  region* 
of  the  antenna  and  that  the  wire  is  situated  in  the  far  field  region  of  the 
antenna.  The  approximations  made  lr  the  former  case  limit  the  applicability 
of  the  results  to  angles  of  the  beam  axis  against  the  normal  to  the  wire  axis 
of  up  to  —15°.  This  restriction,  however,  is  of  no  practical  consequence  as 
the  backscatter  power  received  by  the  antenna  decreases  very  rapidly  as  the 
beam  axis  is  turned  away  from  the  direction  of  vertical  incidence.  There  may 
be  side  lobes  at  larger  angles,  but  the  formulas  show  that  if  they  should 
exist,  their  level  would  be  very  low. 

If  the  wire  is  situated  in  the  far  field  region  of  the  antenna,  a  general 
expression  for  the  received  backscatter  power  which  holds  for  any  antenna 
characteristic  can  be  derived.  The  Gaussian  antenna  in  this  case  serves  only 
as  a  specific  example.  Similar  to  the  case  that  the  wire  is  within  the  Fres¬ 
nel  region,  the  radar  response  for  a  Gaussian  antenna  does  not  contain  side 
lobes;  It  decreases  exponentially  as  the  beam  axis  is  turned  away  from  the 
direction  of  vertical  incidence. 

Diffraction  by  straight  metallic  wires  (as  well  as  by  dielectric  pr 
dielectric-coated  wires)  is  a  subject  veil-covered  in  the  literature >1.  •  *^33 


*For  a  beam  width  of  1°,  the  Fresnel  region  extends  as  far  as  ~!00  n  at  a 
wavelength  X  =  3  cm,  and  as  far  as  ~1000  a  at  X  «  3  am. 
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T.n  particular  the  "Special  Issue  on  Radar  Reflectivity"  of  the  Proceeding*  of 
the  IEEBjL^j  contains  a  comprehensive  bibliography  on  this  subject.  The  inci¬ 
dent  field,  in  these  publications  is  usually  assumed  to  be  a  plane  wave*  If 
the  wire  is  of  finite  length  and  if  it  is  situated  in  the  far  zone  of  the 
antenna,  the  incident  field  along  the  vire  will  indeed  approach  a  plane  wave, 
and  knowledge  of  the  plane  wave  scattering  properties  would  perait  immediate 
determination  of  the  radar  cross-section  of  the  wire.  The  received  backscatter 
power  is  readily  obtained  from  the  radar  cross-section  if  the  antenna  radiation 
characteristic  is  known.  However,  for  very  long  vires  such  as  are  treated  here, 
calculation  of  the  radar  response  requires  decomposition  of  the  antenna  beam 
into  its  directional  spectrum  of  elementary  plane  waves,  solution  of  the  scat¬ 
ter  problem  for  the  individual  elementary  waves,  and  superposition  of  the  con¬ 
tributions  from  all  these  elementary  waves  to  the  received  backscatter  power. 

Ve  show  in  this  paper  that  if  the  wire  is  situated  in  the  far  field  region  of 
the  antenna  the  radar  response  la  still  determined  essentially  by  only  one 
plane  wave,  the  elementary  wave  propagating  in  the  direction  which  intersects 
the  vire  axis  at  right  angles.  If  the  wire  crosses  the  Fresnel  region,  all 
elementary  waves  contribute  to  the  radar  response.  In  this  report  the  radar 
response  is  derived  and  evaluated  for  Gaussian  antennas. 

2.  BACKSCATTER  POWER  RSl'QRXED  TO  TRAHSHITTTJfG  AKTHOIA 

Consider  a  horn  antenna  radiating  in  the  presence  of  a  metallic  scatter 
object  (see  Fig.  l).  We  denote  _£he  primary  field  which  the  antenna  would  emit 
if  the  scatterer  were  absent  by  Ep,  Hp.  giffgaction  of  this  primary  field  at 
the  scatterer  produces  a  secondary  field  Xs,  H*.  This  secondary  field  gener¬ 
ates  a  tertiary  field  at  the  antenna,  which  in  turn  is  diffracted  at  the  scat¬ 
terer,  etc.  The  tgrtlgry  field  and  all  subsequent  field  tens  are  combined 
into  a  rest  field  Bp,  Hr.  The  primary,  secondary,  and  the  rest  fields  satisfy 
the  boundary  conditions: 


=  0 


(la) 


(  f-  ).  '  0  and 


(  Ep)t 

£  tanq 


-  0 


(lb) 


^Exceptions  for  instance  are  papers  [12]  and  [13]  in  which  dipole  excitation 
is  assumed. 
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Th*  sources  of  the  primary  field  are  located  at  the  antenna;  the  sources  of 
the  secondary  field  at  the  scatterer.  The  rest  field  has  sources  at  both  lo¬ 
cations*  All  three  fields  satisfy  the  radiation  condition  provided  the  scat¬ 
ter  object  has  finite  dimensions.  The  vire-seatterer  treated  in  this  paper  is 
assumed  to  be  of  arbitrary  but  still  finite  length. 

The  reciprocity  theorem  states  that  any  two  fields  ti ,  Hi  and  Bo,  Ho 
satisfy  the  relation  X  d  ^ 


|  { 1  *  hz  -  e2  *  /v(  j  di  =  o 
s 


(2) 


provided  the  surface  S  incloses  a  space  range  free  of  sources.  We  assign 


£n  J 


and 


sad  apply  equation  (2)  to  the  space  range  outside  the  antenna  and  the  scatter 
object.  The  surface  S  in  this  case  consists  of  three  parts:  A  sphere  of 
radius  R  -*  •  which  does  not  contribute  to  the  reciprocity  integral  since  all 
partial  fields  satisfy  tbs  radiation  condition;  the  surface  Sg  of  the  scatter 

object;  and  the  aperture  Si  and  the  metallic  vail  s|  of  the  antenna.  Because 
of  boundary  conditions  (la),  the  integral  over  the  surface  s£  is  zero.  Using 
boundary  conditions  (lb),  vc  obtain 


-  (t{ 


We  further  apply  the  reciprocity  theorem  to  the  closed  surface  formed  by  the 
antenna  aperture  Si,  the  inner  antenna  wall,  and  a  cross-section  s£  of  the 
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coaxial  part  of  the  antenna  near  the  feed  point.  Xt  can  be  thorn  that  t 


t  l  it 

t*)*  Hp  j  ch 

-  -  tz>z')U 
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where  Vt  wad  It  are  voltage  and  current  at  s£  associated  with  the  unpertur- 
bated  transmitter  field,  and  Vr,  J.r  are  the  corresponding  quantities  for  the 
received  bcckscatter  field.  Z  is  tbe  input  impedance  of  the  antenna  (at  S^) 
to  vhich  the  receiver  ispedance  Z*  is  assumed  to  be  astched.  By  combining 
equations  (3)  and  (4),  we  can  express  the  product  Ijlt  toy  an  integral  over 
the  surface  of  the  scatter  object 


(7  +  2")  ItIr 


(HprH,tHs)}ds 


(5) 


where  for  all  practical  purposes  1^  on  the  right  side  can  be  neglected  batanae 

the  rest  field,  which  is  generated  by  diffraction  of  tLs  secondary  fi.  'Id  at 
the  antenna,  is  very  weak  at  the  scetterer. 

The  power  radiated  by  the  antenna  In  the  absence  of  a  scathe rer  is 


7-7' 


)  iti; 


X*  Hpi ds 


(6) 
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and  the  power  received  frca  the  backscatter  field  ia 


!.  c  Z  +  Z')  I  I ' 

O  v  r  r 


The  asterisks  indicate  conjugate  complex  values.  Hence  with  equation  (5), 
the  ratio  of  received  and  transmitted  power  can  be  written 


1 


K  / 

K  ’  *  >ta 


(7) 


where  Q,  is  the  reciprocity  integral  (5)  in  which  the  term  Hr  has  been  omitted  t 


Q  =  f  £  ?P* 


(8) 


3-  FLAKE  WAVE  HEPKESEKTATICi  OF  XhCiDDff  FIELD 

We  formulate  the  primary  field  Er>,  Hp  and  derive  (in  Section  k)  tbs 

4L  4t* 

secondary  fle3d  Es,  Hs  for  the  problem  of  a  Gaussian  bean  illuminating  a 
straight  Metallic  wire.  Figure  2  sherres  the  geometrical  arrangement  For 
convenience,  we  shall  use  a  cartesian  and  a  cylindrical  coordinate  system 
niaul'taneoualy.  The  CCHKB  ?***!*  Of  the  tVO  fySieSS  i"  the  virt  «»<«.  TRs 
x-axis,  from  which  the  angular  coordinate  9  is  counted,  connects  the  center  of 
the  antenna  aperture  with  the  wire  axis.  The  radial  coordinate  is,  aa  usual, 

defined  by  p  *  ■\  /  x2  +  y2  .  The  plane  x  «  -d  is  a  mathematical  surface  per¬ 
pendicular  to  the  x-axis  just  in  front  of  the  antenna  aperture. 

We  split  the  primary  antenna  field  into  two  parts,  one  derived  from  an 
electric  vector  potential  and  the  other  derived  from  a  magnetic  vector  poten¬ 
tial.  These  vector  potentials  can  be  assumed  to  comprise  curly  a  * -component 
which  we  will  denote  as  *p  and  $p,  respectively.  The  electric  and  magnetic 

6 


* 


field  strength*  are  obtained  from  *p  and  tj>  according  to  the  relations 


Curl  curl  (4.C.,) 
P  z 


“  J<  curl  (  ) 


-  curl  curl  (Y^) 


+  l-1*  Curl  (  ip  e£) 


(9) 


vhsre  *x  is  the  unit  vector  of  the  z -direction*  and  k  »  2n/\  is  the  wave  nue- 
ber.  lots  that  I*  ■  0  for  the  partial  field  derived  frost  the  potential  #p* 
and  I*  *  0  for  the  partial  field  derived  frost  the  potential  Both  vector 
potentials  satisfy  the  wave  equation  and  in  the  half-opace,  x>  -d  can  be 
written  as  superposition*  of  elementary  plane  waves: 


f  oa 


$p(x>y,zj  *  [f  exp{-rfc[kx(xHl)+hyq  t hzs] j dhyolh 

hphrm-eo 


(10) 


r  oo 


%(*>%>*)  ~  jj'?fhyhll)exp{-clc[  kx(x-hd)  th^  t-h^zljctkySi 


vkere 


^or  4:  I 

for  h*+hz>l 


In  tbs  range  where  hx  is  real  the  elementary  plane  waves  are  of  the  propa¬ 
gating  type*  end  In  thr  reage  where  hx  is  imaginary  they  are  of  the  evanes¬ 
cent  type  in  respect  to  the  x -direction.  The  caplitude  spectra  f(by*  hz) 
and  g(hy*  hx)  according  to  equations  ( 10)  are  the  Fourier  transforms  of  the 


8 


distribution*  of  #p  and  tp  in  the  plane  x  »  -d.  Applying  the  inverae  tranafor- 
mat ion  we  obtain: 


r  C*r 


If  r 


K  J  f  ~~  j  I 

— ->  j  j  tf  „  l  y  f  n£~)  j  civ  a; 

"?  IT  J  j 


(id 


+  oo 

j  'p  y  zj  exp  £  t-i.k  (ho  b  *•  h?*)}  ^  ^z- 

■i  .  l  --  -  CO 


As  stated  before,  we  shall  deal  specifically  with  the  case  that  the  urinary 
field  radiated  by  the  antenna  is  a  Gaussian  bean.  The  reference  plane  of  the 
bean  (waist  of  the  beaa/M-5]  is  assumed  to  be  situated  in  the  aperture  plane  of 
the  antenna.  Vhen  the  antenna  is  directed  toward  the  wire  so  that  the  bean 
axis  coincides  with  the  x-axis  (vertical  incidence),  the  reference  plane  la 
the  plane  x  «  -d  and  the  field  distribution  at  x  *  -d  is  either 


(12a) 


(12b) 


depending  on  whether  the  sagnetic  or  the  electric  field  strength  is  polarised 
normal  to  the  direction  of  the  wire  axis.  The  node  parameter  of  the  bean 
is  p0.  Tilting  of  the  bean  axis  against  the  x-axie  leads  to  modification  of 

the  field  distribution  in  the  plans  x  «  -a .  The  nodified  field  distribution 
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n 


In  the  forissr  cane  (2^  *  0)  id  approximately  given  by: 


£, '  -£*  ,-'nr> 

£„  -  -  E0Z<y,z> 

E2  ,  ^  t; 


-‘"A 


Hy=  -  Ei:  l/tyl)  (13a) 

VFW*-  0 


and  the  modified  distribution  in  the  latter  case  (lj  ■  0)  ty 


E  -  -  E,  l^y.r;  ^ 
*  °  4 


Vf  C*/x  <4  A 


£  Vcv.i)  ££i& 

“nf?. 


0 


-yJF  h<.j  *  -  £*¥(&) ^13b) 
-yjf  H2  -  +  Eoft?:*)  «*fg 


where 


<  p 


.  Ai.n'V  i  B')in‘i’h~ 


(}\  “V*  * 

'Z 


(13c) 
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The  angles  which  the  be»a  axle  forma  with  the  x,y,z-directlona  are  yxf  Yy>  Y* 
respectively  (aee  Fig.  2);  obviously 


/ 

/ 


The  phase  term  In  equation  (13c)  describes  the  tilt  of  the  phase  fronts  of  the 
beam  against  the  plane  x  ■  -4,  and  the  factors  sinryy  and  sin^yz  in  the  real 
part  of  the  exponent  describe  the  broadening  of  the  amplitude  distribution  of 
the  beam  in  the  plans  x  »  -d  with  increasing  tilt  angle.  It  is  readily  seen 
that  for  Yx  -*  0  field  distributions  (13a)  and  (13b)  approach  distributions 
(12a)  and  (12b)  respectively .  For  all  tilt  angles  these  field  distributions 
satisfy  the  relations: 


where  n  is  the  unit  rector  in  the  direction  of  the  beam^axis.  K,  Hj^and  n  in 
other  words  are  mutually  orthogonal  for  all  Yy>Ys>  and|l|aa  well  as|H|  does  not 
▼ary  with  Yy>Yz  except  for  a  change  in  the  coordinate  scale. 


Equation*  (13)  are  approximations  only  fbr  the  actual  distribution  of  a 
tilted  Gaussian  beam  in  the  plane  x  **  ~4«  However,  the  smaller  yx  ia,  the 
better  the  approximation.  In  the  following;  we  shall  assume  that  the  antenna 
radiates  a  rather  narrow  beam  with  a  beam  width  in  the  order  of  1° .  The  back- 
acatter  power  received  by  the  antenna  then  decreases  rapidly  as  the  beam  axis 
la  tilted  against  the  direction  Yx  *  0  (Yy>Yz  *  90°),  and  we  can  restrict  our 


considerations  to  a  assail  angular  range  about  this  direction,  where  equations 

/.-i\  _ -ji.V  _ 


(12)  describe  the  sctu 


rivlid  dinwrlvuwiwAi  uu  miUiJLUlCMW  ACCUTBCy  • 
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The  rmdiatiosi  characteristic  K(Q )  of  a  Gaussian  bees  (12)  is  proportional 


Pi  9)  - 


-  (kfo  f  rcn  Q 
e 


where  8  la  the  angular  deviation  of  the  direction  of  observation  fro*  the  beam 
axis.  A  bee*  width  of  1°  for  Instance  would  require  kp0  100. 

The  fields  determined  by  equations  (13a)  and  (13b)  can  be  derived  from 
electric  and  magnetic  rector  potentials  #p  aid  fp>  respectively  whose  distri¬ 
butions  In  the  plane  x  ■  -d  are  given  in  good  Approximation  by: 


(*■«/,  '*■ )  j  (-'■£)  j ,  z)  ~ 


l<2S‘nfx 


Viy.-i) 


(14) 


The  corresponding  asgplltude  functions  are  obtained  with  equations  (ll): 


(15) 


With  kpc  in  the  order  of  100,  the  amplitude  functions  f  and  g  have  appreciable 
values  in  only  a  very  small  hy,h2 -range  about  the  point  hy  ■  cosYy,  h?  •  cosyz. 

Therefore  the  integration  in  equations  (10)  for  dp  and  fp;  and  in  the  expres¬ 
sions  obtained  with  equations  (9)  for  the  field  strength  components  can  be 
essentially  restricted  to  a  neighborhood  of  this  point.  Calculating  the  field 
distribution  in  the  plane  x  «  -d  in  this  manner  Indeed  reproduces  the  field 
strength  components  (13a)  and  (13b).  Hence  the  vector  potentials  #p  and  tp 
obtained  by  inserting  the  amplitude  functions  (l>)  into  equations  (lo)  describe 
the  desired  Gaussian  beams  of  variable  axis  directions,  at  least  in  the  inter¬ 
esting  range  of  small  yx*  7116  electric  vector  potential  characterizes  a  beam 
whose  magnetic  field  strength  is  polarized  normal  to  the  wire  axis  direction 
(H2  a  0),  and  the  magnetic  vector  potential  characterizes  a  beam  whose  elec¬ 
tric  field  strength  is  polarized  normal  to  this  direction  (Ks  ■  0). 
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The  power  transmitted  in  a  field  (10)  can  be  expressed  in  term#  of  the 

absolute  square  ,  splitude  spectra  of  the  Propagating  elementary  vaves.^3^ 
Fields  derived  from  the  potentials  i  and  if  are  mutually  orthogonal  with  re¬ 
gard  to  the  transmitted  power.  Hence 


i  / 


y~ 

i 


(16) 


where 

fj  i  *(^>ki)hx  (hh\)d^dk'  (16a) 

Ar \r  ~  k  2j\  <3  <3*(hykr)  kx  ( I -  h*  )  dhy  dht  (16b) 


For  the  example  of  a  Gaussian  beam,  amplitude  spectra  (15)  must  be  inserted 
into  equations  (lb) .  Since  kpQ  is  a  large  nusber>  the  integration  can  be 
performed  approximately  with  the  result 


i 


-T  ik  2 

/Z 


The  relative  error  is  in  the  order  of  (xp0)  .  Considering  only  direc¬ 

tions  of  the  beam  axis  which  do  not  deviate  substantially  from  the  direction 
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* 


of  vertical  incidence  (yx  *  0),  we  may  further  approximate 


LC*f* 


and  hence 


#k’K 


(17) 


For  an  deviation  from  vertical  incidence  of,  for  Instance,  15°  the 

relative  error  is  sti3JL  below  1/400. 

h.  CTUXDER  WAVE  RKHffiSBmTlC*  OF  3CA2TBR  FIELD 

Equation  (15)  shows  that  the  solitude  spectra  f  and  g  of  a  Gaussian 
bests  of  narrow  beats  width  are  practically  aero  in  the  range  of  evanescent 
elementary  waves.  Since  furthermore  these  evanescent  waves  decrease  exponen¬ 
tially  with  increasing  distance  frost  the  reference  plane  x  »  -d,  their  con¬ 
tributions  to  the  incident  field  at  the  wire  esn  be  neglected.  In  the  range 
of  propagating  elementary  waves,  we  substitute  in  equations  (10) 


nx  •*  cos  n-nfi  ,  hy  »  sina  str  /3  ,  hg  ~  ax/l 


The  geometrical  meaning  of  a  and  0  is  illustrated  in  Fig.  3*  P  a  the  angle 
which  the  direction  of  propagation  of  any  elementary  wave  includes  with  the 
z-axis  and  a  is  the  projected  angle  against  the  x -direction  Bence 
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FIG. 


z 


.  Geometrical  relation  between  angles  or, (3  and  directional  cosines 
hx.  hy,  bj  characterizing  direction  of  propagation  of  elementary 
plane  wave. 
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* 


expressions  (10)  for  Ip  and  fp  become: 


r 


-  J ‘ J ^ (SincLSlafS '<.osfi )<2xp  j-ck [cl ccsccftn/l  t fCcs(q><t)jin/3  r  zcosfijj  » 

*  ccjct  sin  /3  dad ^ 


a*-f  n>*o 
Z 


(18) 


n  r 

a  * 


%(?>¥>*)  "  / fj  ( ft-wnnp,  (osp)  Oxpj~d<lci(cscLSinp  r  occt(cf  ~a ) xi n ft  t  zcos/3]j * 

*-j>c 


'  ccsol  jtn 


'fl  dotdp 


where  x  and  y  hare  been  replaced  by  the  cylindrical  coordinates  p  and  9  (see 
Figure  2). 

The  elementary  plane  wave 


<p.  j  ®  e*^o  -t,/(  If  ccs (<p-<xjsia  .3 -t  zces/ojj 


(19) 


when  Incident  upon  a  straight  wire  (whose  axis  coincides  with  the  z-axls) 
produces  a  scatter  field  that  can  be  written  as  a  superposition  of  eleswntary 
cylindrical  waves: 


’’15°  V)  •  £2;  ,  1 .m (<?-*■)  -iLrctos  3 

irl¥  =  L  c,n  Hm(Lf*n,-s)e  *  (20) 

m  -  ■  >3 


The  expansion  coefficients 


(I) 


and  c»^ 


are  obtained  from  the  boundary 


3.6 


condition*  which,  for  a  metallic  wire  of  radius  a,  are 


(  ±  +£)  -  C 

<•  “  r  <;J  -U. 


\± 

H' 


u.nU  C  —y  r  —~r ) 

,?  |»*4 


c 


(21) 


respectively. 


Using  the  cylinder  function  representation  of  a  plane  wave 


[17] 


—  t  Utf  cc*>  s<  o  4 

Qi 


T* 


Cm  (<f> 

e 


ve  immediately  find  that: 


an  cL 


ii) 

c  *  -  e  2  ■■■'  1  "  •  . . . . 

W  H™(kasu>p) 

tf^'r(kas<.np>) 


(22) 


I  (o)i  i 2 ) 

where  J*,  are  the  derivatives  of  J,,  %  with  regard  to  the  argument. 

The  total  scatter  field  produced  by  diffraction  of  the  incident  field  118)  at 
the  wire  is  obviously  obtained  by  superposition  of  the  contributions  (20) 
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In  the  cose  of  Gaussian  illumination,  the  amplitude  fractions  f  and  g 
are  given  by  equation  (15) * 

5.  ntscussicsi  of  the  scatter  field 

First  we  will  discuss  the  case  of  a  wire  situated  in  the  far  field  region 
of  the  antenna.  The  exponential  function  exp{ ~ii  (4cosaeln£  +  kcosR)}  in  the 
integrand  of  equations  (23)  then  varies  icuch  more  rapidly  with  a  and  £  than 
do  the  amplitude  functions  f(sinersia0,  cotji)  and  g(sinsain3,  cosp).  As  a  con¬ 
sequence,  the  integration  can  be  carried  out  asymptotically  using  the  method 


18 


of  stationary  phase: 


£s  (.?><?,  z)  = 


O  iTZ'  *  f  r  r.  n  T  ur>v 

2 V~r  Trr^-  {(t***)™#  L  -*^1 -  e  ^ 

J k'clif  r  m-«- c^.  H  (/ttZjifi 0) 


(2b) 


¥(?>%*)  -  2 


_  r  / 

V^r Q(0iLOs9)M&  T 

v^7y 


^<r«?  r  *  {(prdft-*7??  j  tj0 


<r+ct 


Before  applying  the  method  of  stationary  phase,  the  Hankel  functions 
fi£2'  (kpta»&)  in  the  Integrands  of  equations  (23)  were  replaced  by  their 
asnptotic  representations.  When  the  immediate  vicinity  of  the  wire*  is 
dieregarled,  this  is  permissible  for  .til  m  for  which  the  tents  under  the 
sunmatioc  sign  are  of  appreciable  magnitude . 

The  geometrical  meaning  of  the  new  vcxiables  r  and  6  is  illustrated  in 
Fig.  4.  The  shortest  line  vhlch  Joins  the  point  of  observation  p,  cp,  z  with 
the  center  of  the  antenna  aperture  and  simultaneously  crosses  the  vire  axis 
consists  of  tvo  straight  line  sections,  r^  and  rg*  Both  fom  the  angle  0 
with  the  z -direction;  their  combined  length  is  the  variable  r.  Note  that  r 
and  0  do  not  depend  on  the  azimuth  angle  <p. 

Points  of  observation  characterized  by  identical  values  of  0  obviously 
fom  conical  surfaces  (vith  vertex  angle  0)  about  the  vire  axis,  the  vertex 
itself  being  located  at  z  *  *0  ■  d*cotg0.  According  to  equations  (24),  the 
distribution  of  the  scatter  fields #s  &od.  *8  along  a  given  surface  0  «  const 
is  determined  by  the  values  of  the  amplitude  functions  f  and  g  of  the  incident 


v . — - — 

i.e.,  assuming  p  >  5a  for  thick  vires  and  p  >  5  1  for  thin  wires,  where  a 
is  the  wire  radius  and  \  the  wavelength. 
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o  o 


beaa  for  one  direction  o,  p  only,  the  direction 


a*  O  ,  9 


In  other  words,  only  one  of  the  eleaentary  plane  waves  of  the  incident  beaa 
contributes  significantly  to  the  field  scattered  by  the*  wire  along  a  cone 
0  =  const-  According  to  equation  (25), the  direction  of  propagation  of  *ais 
wave  points  from  the  antenna  center  towards  the  wire  intersecting  the  wire- 
axis  at  the  angle  S  (line  r^  in  Fig.  4). 

By  inserting  amplitude  spectra  (15)  into  equations  (24),  we  obtain  for 
the  e-tasrple  of  a  Gaussian  beaa: 


%  <?><P,Z)  *  $,(9;  &(W)  ,  %  (?><?>*)  *  V(K  &(?>*))  %  (P,*) 


vhcrc 


<?  Os  ,  >  /m ih™£j 


V,i9,ej  - 


{/  (Ivxnn&J 

to 

+~  r o) 


~  Jm  Ciaj'i.o  &)  way 

m-oatf!'  ^(UaiiA&) 


and 


-  ov  IT  ^ 


h"  -'Jk^d  fr'  nnft  sm’ft 


<exp  f-tflcri-f)  ~  |  ( lefcf ”  c0- 
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* 


h't  th 


r  = 


{(prat  )*■  /■  £ 


f  tci 
2 


Since  kp0  it  attuned  to  be  large)  the  exponential  function  in  the  expreaelont 
for  i%,  $2  decreaaet  rapidly  at  6  deviatet  from  y2.  In  other  word*,  the  teat" 
ter  field  it  concentrated  near  the  conical  surface  6  ■  yx  *  const.  In  the 
neighborhood  of  this  surface  we  nay  substitute  Yz  for  8  in  the  expressions 
for  and  tl'* 


§,(<*>* 


Jin  (heuenp*)  Lm<P 

~  l_  - a 

Hm  JaMfo) 


JmtkaMfa)  im<p 
L.  "7?7^ — —  e 
U  fajUlft) 


(27) 


Fith  this  approximation,^  and  ^  no  longer  depend  on  p  and  z,  and  equa¬ 
tions  (26)  represent  the  scatter  fields,  i8  and  f8,  as  products  of  a  function 
depending  only  on  the  azimuth  angle  9  and  a  function  depending  only  on  the 
radial  and  axial  coordinates  p  and  z .  Hence,  in  any  plane  through  the  wire 
axis  (9  »  const),  the  scatter  field  iB  (or  f8)  has  essentially  the  same  dis¬ 
tribution  except  for  an  amplitude  factor  which  varies  from  plane  to  plane 
according  to  the  function  (or  tjj. 

In  the  case  the  wire  crosses  the  Fresnel  region  of  the  antenna,  the  expo¬ 
nential  function  exp(-i3c(dcoscfSinP  +  zcosg))  in  the  integrand  of  equations  (23) 
varies  with  a,  $  at  a  rate  comparable  to  the  r*>.te  of  change  of  the  amplitude 
functions  f  and  g,  and  an  asymptotic  evaluation  of  the  Integrals  is  no  longer 
permissible.  Inspection  of  the  location  of  the  stationary  points  of  exponen¬ 
tial  function  and  amplitude  spectra  shows  that  for  a  Gaussian  beam,  however, 
the  expressions  *B  and  ts  can  simplified  so  that  the  scatter  fields  can 
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still  be  written  in  the  product  form  (26)  where  4^  and  as  bifore,  are 
approximately  given  by  equations  (27)  and 


Uf0)"e  T 


'rr\v  s\y..r,ayg 


✓  — 
*■  n  * 


(28) 


j  exjs  { ~^U  (otccyxsi/)  rg-ttn/'  ^  ice >i/3  j 


. ./  <iP  /  [/  MiM/. 3-.<csft ,/v  /  fit 

2  JJ  “  **/,  '  *•  A«v> 


ODSOiSi'n  'Zp>do(dp> 


(2) 

The  Hankel  functions  7  (kpaing)  in  the  Integrand  were  again  approximated 
by  their  asymptotic  representations  and  the  beam  axis  angles  Yy  end  yz  were 
assumed  to  be  in  the  vicinity  of  9°°  (nearly  vertical  incidence).  The  result 
obtained  for  a  wire  in  the  antenna  far  zone  -  that  the  scatter  field  in  any 
plane  through  the  wire  axis  has  approximately  the  same  distribution-  therefore 
holds  for  a  wire  in  the  Fresnel  region  of  the  antenna  as  well.  However,  the 
field  distribution  along  a  surface  8  =  const  is  no  longer  determined  by  only 
one  elementary  plane  wave  of  the  incident  beam,  but  as  one  would  expect,  by 
the  entire  elementary  wave  spectrum,  or  at  least  a  substantial  portion  of  it. 


6.  RECIPROCITY  INTEGRAL  FOR  STRAIGHT  METALLIC  WIRES 

We  formulate  the  reciprocity  integral  Q,  equation  (8),  for  a  straight 
metallic  wire.  Integration  in  equation  (8)  is  performed  over  the  wire  surface 
p  *  a  (see  Fig.  2);  the  surface  element  is  accordingly  given  by  do  *  adepdz. 
Using  equations  (9),  the  field  strengths  Ep,  Hp,  and  HB  occurring  in  the  inte¬ 
grand  of  Q  can  be  expressed  in  terms  of  the  vector  potentials  4p,  ^p  and 
tp,  ffi  respectively.  For  a  field  derived  from  the  electric  vector  potential 
we  obtain 


t  CX5 


Qi  *  //  ^  f  ‘W3 

^  ^  s  *** 


:?9a) 
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and  for  a  field  derived  from  the  magnetic  vector  potential,  ve  obtain: 


integrals  (29*0  and  (°.9b) 


t  H 


'  r y  £  ^  II  I  f( m i  u*Y}, ^Cb,  >'  f(  'xn x ~cCS  e 


Jfcl  (i<?s  j.  riC j  a.  1  )  Si.!)  i 

A 

(30a) 


'k  x  =  ■■  ,3*d 

»  ^  *  ■><<  *** 

T* ^  -» s»(x-x')  ,  £.  ,  ,  / /^ 

*/-.<■  1  )  ——  e  cCJ-k  COSX.M  />  UotcJat  dft 


rm-w  /•/  (^s.n/3) 


y  va 


IT  - 

f2  “ 


$  (jiwxsin^  ctofi)  ^(jina/rinp-iosp)  e 


-  iMat  (lasccf  COS*1}  Jin/i 


aioJ*  -  f  /3-«0 
’  2 


,  STy_  |  yft  Jm(itcLM/3)  -cm  (*-*.') 


mv-oo  Hm  (kasinfi) 


CQSOc  CCS'XlJl(iSfi  cUndoL1^ 


(30b) 

Ut. 


With  a  later  application  in  nind,  ve  note  that  expreasions  { 30 )  for  the  reci¬ 
procity  integral  Q  still  hold  in  general,  i.e.,  for  any  incident  field.  In 
deriving  these  equations  only  one  approximation  has  been  Bade;  the  contribu¬ 
tion  of  the  evanescent  eleaentary  vaves  to  the  incident  field  at  the  wire  has 
been  neglected.  If  the  distance  between  antenna  and  wire  is  sufficiently 
Jarge ,  this  emission  is  obviously  Justified.  For  the  exasple  of  a  Gaussian 
Incident  beaa  ve  obtain  by  Inserting  the  corresponding  amplitude  functions  (15) 
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into  equation*  (30) 


&v  J 


6  * 
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e*E 


s£n“f* 


(3ia) 


(3Xb) 


e>p  {-d<(cosdii<csa.')ji'n/2  -  (kfG) 


CCitfl 


<**!•-$  A»0 
‘  2  ' 


t  ,  .m+i  Jm (btinfi)  -unto.-*') 

I  L-  ^  *>  - e 

Hn  &GSL°P) 

I  Jj(katutfi)  -urufx-K.') 

v  ^ ^  £gj  a  ® 

1,1  Mm  fa^nfi) 


KfiSfi  lOscLCosa/c'xcta.ctfi 


7.  K VALUATION  OF  HBCIPROQTT  IiTWSALS  Qf  and 

With  the  asausptioac  that  the  beam  width  of  the  incident  bean  ia  in  the 
order  of  i°  (kpo  in  the  order  of  100 )  and  the  been  axis  does  not  deviate  *ufc~ 
•tantially  (by  not  core  than  about  15°)  fron  the  direction  of  vertical  inci¬ 
dence,  the  reciprocity  integral*  (31)  can  be  evaluated  approxlsately  *o  that 
cloned  form  expre**ion*  for  Qf  and  are  obtained.  The  method  of  integra¬ 
tion  i*  explained  in  Appendix  A;  the  revult  is: 


~  \  “  vr  (!<*.*)  * 

/rt-t  ’ 


A  <^p{ J  \j i - u.j  -  ^yv->“K  ~7^rr  V*  j} 


rq’v\\) 


(32a) 
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o 

with  t  *  kpy/d  and 


ir  5  777  >  ;  ,77/  >  -*4  > 


«» 


h-U 


a.  ,76 


(32b) 


The  parameter  Uq  is  determined  by  the  equation 


—  /  c 


(32c) 


which  in  Appendix  A  is  solved  by  a  series  expansion.  Using  this  expansion* 
the  exponent  In  equation  (32)  can  be  developed  into  a  series  of  ascending 
powers  of  cotg*Yy  Neglecting  6th  and  higher  order  terms,  we  thus  obtain 


OfK  -  k\(7TT)3/l  %?(**.*!  — — -  * 

f‘  v>“  ,r-c  **  ^ty^rvri,)  (;3) 


“f(  -<kf«)lL ‘"4  r  iTP^V, * c77p;> ^-,,5r'r -]j 


The  function  ^  (ka,T)  which  determines  the  dependence  of  the  reciprocity 
integrals  on  the  wire  radius  is  given  by 


h.Cka.r) 

4* 


m*  •  >~ 


k.  rn 

/rcVL  /.<. 


n 


(3^a) 
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for  a  field  derived  fron  the  electric  vector  potential  *  and  by 


r, . . Jmtu 

4— v 

H  (h*-) 

m 


c'r  ^ 
h'cT 


(34b) 


for  a  field  derived  from  the  Magnetic  vector  potential  f • 

Xquations  (32)  to  (34)  hold  for  vires  sufficiently  thin  to  satisfy  the 
condition 


-\jli-  r£  fa 


<  / 


(35) 


This  condition,  however,  does  not  impose  a  severe  restriction  as  it  adalts 
wire  disasters  2a  of  several  wavelengths.  If,  for  Instance,  kpQ  -  100  and 
T  *  1,  wire  dlaaeters  up  to  35  X  hre  permissible.  The  functions  If*  end  F^ 
depend  weakly  on  d  and  p0.  This  dependence  practically  lisappearu  as  the 
wire  radius  a  is  decreased.  If 


-n/I 


*  <z->2  «  I 


tV 


9o 


(36) 


the  exponential  factors  on  the  right-hand  side  of  equations  (34)  can  be  re¬ 
placed  by  unity  in  all  susnation  terse  with  Ini  <  2ka,  this  Means,  in  all 
terns  of  appreciable  magnitude .  Hence 


h(t<a,c) 


—  ~  ,  ,  ttn+l  xjm0<a) 

h,cut0)  -  H-i>  ~rr 

4  m.-~  H  (ka) 

m 


(Lei  V ) 

•e  '  / 


T^Ua.Q  -  L^i>m 


m*  - ' 


(37a) 


(37b) 


for  the  above  example  where  kp0  *  100  and  t  »  1,  condition  (36)  requires 
that  2a  <  10  X. 
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If  the  wire  crosses  the  Fresnel  region  of  the  antenna,  T  *  kp^/d  1®  ia 

the  order  of  or  greater  than  unity.  If  the  vire  is  situated  in  the  far  field 
region  of  the  antenna,  t  is  small  compared  to  unity.  Hence,  according  to 
equation  (32c),  Uq  -♦  0  and 


* 

■f.'r 


’  ya 


~  ) 


/t/?  I  i 


Fj(ka,0)  and  F^(ka,0)  are  given  by  equations  (37)  which  in  this  case  (t  «  1) 

describe  the  dependence  of  the  reciprocity  integrals  on  vire  radius  not  only 
for  sufficiently  thin  vires  but  according  tc  condition  (36)  for  all 

(ka)^  <<  kd. 

The  restriction  stated  at  the  beginning  of  this  section,  that  the  direc¬ 
tion  of  the  beam  axis  does  not  substantially  deviate  from  the  direction  nor¬ 
mal.  to  the  vire  axis  has  tc  be  imposed  only  in  evaluating  the  reciprocity  lb** 
tegrals  for  a  wire  crossing  the  Fresnel  region  of  the  antenna.  Sven  in  this 
case  it  is  not  on  essential  limitation  as  Q$  and  Qy  decrease  rapidly  with 

increasing  deviations  of  and  y  from  90°.  If  for  example  the  beam  width 

y  z 

Is  1°  and  t  *  1,  and  the  beam  axis  deviates  from  the  direction  of  vertical 
incidence  by  not  nore  than  AYy  *  90° -Yy  *  +3°  (vl/ile  b.yz  *  90°-yz  *  0),  the 

reciprocity  integrals  and  are  already  mo  ft  than  50  IB  below  their  maxi¬ 
mum  values;  if  Ay.  *  +3°  (while  hyv  •  0),  they  are  more  than  100  dB  be  lor/ 

^  ""  »  # 
these  values.  The  received  hackscatter  power,  which  is  proportional  to  Qft  , 

decreases  correspondingly  by  more  then  100  dl!  end  200  dB  if  the  besm  axis  is 
turned  by  AYy  or  hyz  ■  +3°  against  the  direction  cf  vertical  incidence. 

In  the  case  that  the  wire  is  situated  in  the  far  field  region  of  the 
antenna,  the  reciprocity  integrals  can  also  be  evaluated  by  a  different  and 
more'  direct  method  than  the  one  used  in  Appendix  A;  an  asymptotic  evaluation 
can  be  performed  using  the  method  of  stationary  phase.  This  method  can  be 
applied  to  Q4  and  Qf  in  the  general  form  of  equations  (30)  where  a  particular 

characteristic  of  the  antenna  beam  has  cot  yet  been  specified.  The  calcula¬ 
tions  are  performed  in  Appendix  B  with  the  result: 
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where  Ff  and  are  given  by  equations  (37  )  •  Note  that  and  are  deter- 
■ined  by  the  values  of  the  amplitude  spectra  f  and  g  for  one  direction  a,  P 
only,  the  direction  of  vertical  incidence  a  =  0,  p  *  90° •  In  other  words, 
only  a  narrow  bundle  of  elementary  plane  waves  of  the  incident  bean,  those 
travelling  in  the  direction  normal  to  or  nearly  normal  to  the  wire  axis,  will 
significantly  contribute  to  the  reciprocity  integrals  and,  hence,  to  the 
backscatter  power  returned  to  the  antenna. 

For  the  example  of  a  Gaussian  beam,  f(0,0)  and  g(0,0)  are  found  from 
equations  (15).  Inserting  these  equations  into  (39)  reproduces  equations  (38) 
which  were  obtained  by  the  method  of  Appendix  A  for  the  reciprocity  integrals 
of  a  wire  in  the  far  zone  of  a  Gaussian  antenna.  Deriving  equations  (30)  by 
np>arm  of  the  method  of  stationary  phase  has  the  advantage  that-  no  restric¬ 
tions  have  to  be  Imposed  on  yy  or  yz*  These  equations,  therefore,  hold  for 

small  as  well  as  for  large  angular  deviations  of  the  beam  axis  from  the  di¬ 
rection  of  vertical  incidence  and  the  admissible  Yy,  Yz“ range  is  limited  only 
by  the  approximations  thich  were  made  in  Section  3  to  derive  the  plane  wave 
representation  of  a  Gaussian  beam  of  arbitrary  axis  direction. 

8.  BACKSCATTER  POWER  RETURNED  TO  ANTENNA  WITH  GAUSSIAN  CHARACTERISTIC 

By  inserting  expressions  (33)  for  Q4,  0^  into  equation  (7)>  "the  ratio  of 

received  and  transmitted  power  for  a  Gaussian  antenna  illuminating  a  straight 
metallic  wire  is  obtained}  for  N^,  N^  we  use  equations  (17).  Hence 
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Equation*  (40)  hold  for  a  wire  in  the  Fresnel  region  as  veil  as  for  a  wire  in 
the  far  fieM  region  of  the  antenna.  In  the  former  case,  t  1b  In  the  order  of 
or  greater  than  unity;  in  the  latter  case,  t  is  small  compared  to  unity  so  that 
equation  (40)  can  he  simplified  to; 
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In  either  case,  the  power  ratio  P,  is  at  a  maximum  for  vertical  incidence  -  if 
the  beam  axis  intersects  the  vire  axis  at  right  angles  -  and  decrease*  expo¬ 
nentially  as  the  beam  axis  is  turned  avay  from  this  direction  of  incidence. 

No  side  lobes  are  encountered  for  a  Gaussian  antenna,  at  least  not  in  the  in¬ 
teresting  range  of  small  angular  deviations  from  vertical  incidence  where  Tj 
haa  appreciable  values.  Bote  that  the  dependence  of  71  on  the  antenna  axis 
angle  yz  is  the  same  for  a  wire  in  the  Fresnel  and  in  the  far  fieM  region, 
while  dependence  on  the  axis  angle  Yy  varies  with  d.  In  other  words,  turning 
of  the  beam  axis  in  the  plane  containing  the  wire  axis  leads  to  a  variation 
in  7]  which  is  essentially  independent  of  the  distance  between  antenna  and 
wire.  Turning  of  the  bean  axis  in  the  plane  normal  to  the  vire  axis,  on  the 
other  hand,  produces  a  variation  in  7|  which  becomes  less  and  less  rapid  as 
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the  spacing  between  antenna  and  wire  is  decreased. 


The  dependence 
incidence  (yy»  Yz  * 


of  T)  on  distance  d  between  antenna  and  wire  for  vertical 
90°)  is  given  by 


(42) 


Hence  TJ  *  Tj(d)  remains  essentially  constant  near  the  antenna  (t  »  l);  and 
in  the  far  zone  (t  «  l),  decreases  with  d  .  The  deviation  from  the  usual 
d-4  dependence  in  this  region  is  due  to  the  fact  that  the  scatter  object  in  this 
case  is  a  wire  infinitely  extended  in  one  dimension .  In  the  preceding  sec¬ 
tion  we  saw  that  only  a  narrow  bundle  of  elementary  plane  waves  of  the  inci¬ 
dent  beam  contributes  significantly  to  the  radar  response  of  a  long  wire  situ¬ 
ated  in  the  far  field  region  of  the  antenna.  The  directions  of  propagation 
of  these  elementary  waves  form  a  small  solid  angle  about  the  direction  of 
vertical  incidence  a  •  0,  3  *  900.  ye  denote  this  solid  angle  by  ail  «  An  A3> 
where  tot  is  the  angular  width  of  the  wave  bundle  in  the  plane  perpendicular 
to  the  wire  axis  and  A3  1*  the  angular  width  in  the  plane  containing  the  wire 
axis.  The  method  of  stationary  phase  by  which  this  result  was  derived  shows 
furthemore  that  AQ  becomes  smaller  and  smaller  a*  distance  d  between  an¬ 
tenna  and  wire  is  increased.  We  have  Ail  ~  l/d  and  hence 
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The  portion  cf  the  wire  lying  within  the  solid  angle  Ail  can  be  termed  the 
"effective  length"  of  the  wire,  since  this  portion  essentially  Jctermines  the 
backscatter  field  received  by  the  antenna.  The  effective  length  is  obviously 
given  by  4  «  dA3  and  consequently  increases  with-y^T  ;  its  contribution  to 
the  field  strength  of  the  scatter  field  near  the  antenna  xs  proportional  to 
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denotes  the  incident  field  strength  at  the  wire.  The  received  baekscatter 
power  is  obvious',,  .  -o.iai  10  EgcE*e  and,  hence,  1)  ~  d"3  in  accordance 

vi  oh  re -t-.t Ion  [•■')• 

The  dependence  of  i;  on  v  l  r> •  radius  a  is  determined  by  the  function* 
F^(ka,T)  and  F^'ka.-r),  equation;?  For  sufficiently  thin  wire*  which 

satisfy  condition  (  <o  -.  •  .kta  wire  is  situated  in  the  far  field  region  of 
the  antenna  this  condition  iu  satisfied,  for  all  wire  radii  -  these  functions 
can  be  approximated  by  v  j  ( u a , 0 )  and  Ff(ka,C)  as  given  by  equations  (37)*  In 
Figs.  5  and  6.  the  amplitude  and  pnase  of  the  latter  functions  are  plotted 
for  the  range  0  <.  ka  <  ru.  For  small  Ka,  F$  and  F^  differ  substantially. 

This  has  to  be  expected  aa  tne  baekscatter  properties  of  thin  vires  depend 
strongly  on  the  polarization  of  tne  incident  field.  A  field  derived  from  the 
electric  vector  potential  i  comprises  a  strong  electric  field  component  par¬ 
allel  to  the  wire  axis.  The  ratio  of  scattered  to  incident  power  for  this 
type  field  therefore  will  be  substantially  higher  than  for  a  field  derived 
from  the  magnetic  vector  potential  f,  which  contains  only  electric  field 
strength  components  normal  to  the  wire  axis.  In  both  cases,  of  course,  the 
scattered  power  approaches  zero  if  Ka  -*  0. 

A  series  expansion  for  small  ka  yields 
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where  in  c  =  0.5772...  is  the  Eulerian  constant.  Hence,  for  small  ka  the 
received  baekscatter  power  varies  with  [in  ka]“^  for  fields  derived  from  the 
electric  vector  potential,  but  with  (ka)11  for  fields  derived  from  the  magne¬ 
tic  vector  potential. 

With  increasing  wire  radius,  the  dependence  of  T|  on  polarization  of  the 
incident  field  diminishes.  In  the  range  where  the  wire  diameter  is  in  the 
order  of  one  wavelength,  F$  Increases  monotonicaliy  with  ka,  while  Fj  shows 
’ripples"  whose  amplitudes  decrease  with  increasing  ka.  For  sufficiently 
th.uk  wires  (ka  >  10),  the  functions  F$  and  Ff  approach  each  other.  An 
asymptotic  expansion  yields: 


(44) 


ka  >  lO 
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and  the  received  backscatter  power  increases  linearly  with  ka  in  both  cases. 

In  the  interesting  range  of  snail  deviations  of  Yy>  Yz  from  90°,  the  in¬ 
cident  beam  derived  from  the  electric  vector  potential  is  polarized  nearly 
parallel  to  the  wire  axis;  the  incident  beam  derived  from  the  magnetic  vector 
potential  is  polarized  normal  to  the  wire  axis  (see  Eqs.  (13)  and  ( lU ) ) .  Ex¬ 
pressions  (40)  for  1)s  and  TU  accordingly  yield  the  ratio  of  received  to  trans¬ 
mitted  power  lor  these  two  directions  of  polarization.  If  the  polarization 
direction  of  the  incident  beam  forms  an  angle  8  with  the  wire  axis  other  than 
0  or  96° ,  the  beam  is  described  by  superposition  of  two  fields  derived  from  an 
electric  and  a  magnetic  vector  potential 

4  "  §,<a6  anU  %  ■  Y^-mS 


respectively  where  the  distribution  of  *p  *  fp  in  the  antenna  plane  x  «  -d  is, 
as  before,  given  by  equation  (l4).  The  power  ratio  TJ  ■  T,(8)  in  this  case  ia 
still  described  by  the  right-hand  side  of  equation  (40)  if  we  replace  the 
function  F*,^(ka,T)  by 


hda.V'&J  ~  tg  (,lca,x)  Los'S  +  hy  (kt,* )  (45) 


This  result  is  obtained  by  modifying  expressions  (31)  and  (32)  for  Q$,  and 
expressions  ( 17 )  for  N$,  N*  by  appropriate  factors  cos20  and  sin2®,  and  by 
inserting  the  modified  expressions  into  equation  (7).  One  merely  has  to  ob¬ 
serve  that  fields  derived  from  the  electric  and  magnetic  vector  potentials  do 
not  interact  in  regard  to  Q  or  N. 

9-  GENERAL  SOLUTION  OF  RAPAR  PROBIFK  FOR  WIRE  IN  FAR  FIELD  REGION  OF  ANTENNA 

If  the  wire  is  located  in  the  far  zone  of  the  antenna,  a  general  expression 
for  o'ue  p over  ratio  T}  can  be  derived  which  holds  for  any  antenna  characteris¬ 
tic  .  By  inserting  Q$  and  0.^  in  the  general  fora  of  equations  (39)  into  equa¬ 
tion  (7),  ve  obtain: 
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where  Fj(ka,Q)  and  F^(ka,0)  are  defined  by  equation*  (37)  end  plotted  in 
Figures  5  and  6.  Iff  and  N*  can  be  expressed  in  terns  of  the  amplitude  spectra 
f  and  g  according  to  equations  (l6).  Both  vector  potentials,  #p  and  tp, 
in  general  required  for  description  of  the  field  of  an  antenna. 

The  aaplituds3  f(0,0)  and  g(0,0)  can  be  related  to  the  value  of  the  radi¬ 
ation  characteristic  of  the  antenna  for  the  direction  normal  to  the  wire  axis. 
In  an  obvious  generalization  of  the  definition  of  the  directivity  gain,  ve 
describe  the  radiation  characteristic  of  the  antenna  by  the  gain  function 
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(47) 


where  St  is  the  radial  component  of  the  Foynting  vector  in  the  far  zone  of  the 
unperturbed  antenna  field,  St  +  rff  is  the  total  radiated  power,  and 

r  *  {(x  +  d)2  +  y2  +  z2}^  is  the  radial  distance  frcn  the  center  of  the  an¬ 
tenna  aperture  (see  Fig.  2);  kr,  of  course,  is  assumed  to  be  a  large  ntaixer. 
The  electric  and  magnetic  field  components  in  the  far  field  region  of  the 
antenna  can  be  determined  by  an  asymptotic  evaluation  of  equations  (lX>)  in 
connection  with  equations  (<?)•  For  the  direction  of  vertical  incidence  which 
we  shall  Indicate  by  the  superscript  (x),  we  obtain 
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The  partial  field*  derived  fro*  the  electric  and  magnetic  vector  poten¬ 
tial*  apparently  yield  asymptotic  electric  field  strengths  which,  for  the 
direction  of  vertical  Incidence,  are  tangential  and  normal  to  the  wire  axis, 
respectively.  The  phases  of  the  two  partial  fields  will  in  general  bs  dif¬ 
ferent  with  the  result  that  the  total  asymptotic  field  will,  be  elliptic ally 

polarised.  We  introduce  a  polarisation  angle  for  the  direction  of  ver¬ 
tical  incidence  by  writing: 


fc.  =  L  s<.n<y 
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where  is  the  phase  difference  between  l^.x*  and  S^>  and 
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The  meaning  of  I^x),  0^'  \  and  is  illustrated  by  rig.  7  where  a  polar¬ 
isation  ellipse  and  its  speelal  cases  are  shown.  (The  superscript  U)  has 
been  omitted  in  this  figure.)  In  the  ease  of  linear  polarisation,  5  is  aero, 
X  is  the  total  Incident  field  strength,  and  0  Is  the  polarisation  angle 
measured  against  the  wire  axis.  Circular  polarisation  is  characterised  by 

5  «  +^0°  and  0  •  +H5°j  the  actual  field  strength  ie  S/-/^  *  the  general 
case  of  elliptic  polarization,  0  and  {  are  related  to  the  angle  £  which  the 
major  axis  of  the  polarization  ellipse  forms  with  the  wire  axis  and  to  the 
axial  ratio  %  -  Sain/^max  according  to 
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(47)  to  (50),  wd  can  now  express  tha  products  ff*,  gg*, 
=  90°  in  teres  of  G\*),  0(*),  and  £(*) 
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By  inserting  these  expressions  into  equation  (46),  ve  finally  obtain 


- —  3 1  E(/«,0Jefc*  cos@U’t  f-y(b,0)el<s  sin@(*}\  2  (52) 

VF  (Mai)  * 


Since  1)  is  determined  by  the  value  of  the  radiation  characteristic  of 
the  antenna  for  only  one  direction  -  the  direction  none!  to  the  wire  axis  - 
only  the  power  tmunaitted  by  the  antenna  in  this  direction  will  signifi¬ 
cantly  contribute  to  the  energy  which  Is  returned  to  and  received  by  the 
antenna  after  scattering  at  the  wire.  The  received  backscatter  power  depends 
on  the  polarisation  properties  of  the  antenna  far  field.  This  dependence 
obviously  stems  from  the  fact  that  the  backscatter  properties  of  a  straight 
wire  are  different  for  Incident  fields  polarised  parallel  to  and  noxmal  to 
the  wire  axis.  If  the  radiation  characteristic  and  the  polarisation  proper¬ 
ties  of  the  far  field  of  a  given  antenna  are  known,  equation  (52)  permits 
determination  of  the  ratio  of  received  to  transmitted  power  fer  any  orienta¬ 
tion  of  the  antenna  in  respect  to  the  wire.  One  ate rely  has  to  insert  into 
equation  (52)  the  values  of  0,  8,  and  §  which  are  associated  in  each  case 
with  the  directions  normal  to  the  wire  axis.  We  discuss  three  special  cases: 

(l)  If  equation  (52)  1b  applied  to  the  example  of  a  Gaussian  an¬ 
tenna,  one  should  obtain  equation  (hi),  which  is  indeed  the  case.  This  is 
evident  if  one  considers  that  for  a  Gaussian  an lean*  {«*  characterized  by 
equations  (13))  the  value  of  G'x'  becomes: 


Squaticn  (52),  however,  leads  to  a  sore  general  exp ression  ror  i|  miorar  as 
this  expression  applies  to  linearly  as  veil  as  elllptically  polarized  inci¬ 
dent  fie Ida  while  equation  (4l),  even  if  generalized  according  to  equation 
(45);  is  limited.  to  linear  polarization. 

(2)  The  right-hand  side  of  equation  (52)  has  a  particularly  simple 
fora  when  the  incident  field  is  linearly  polarized  and  the  wire  radius  is 
so  large  (ka  >  10 )  that  F$  and  can  be  replaced  by  their  asyaptotic  repre¬ 
sentations  (44).  Since  in  the  asyaptotic  range  these  two  functions  do  not 
differ,  1)  becoaes  independent  of  the  polarization  direction  of  the  incident 
field: 
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Hence,  Measuring  7)  while  turning  the  antenna  yields  the  radiation  character¬ 
istic  of  the  antenna  or,  acre  precisely,  the  square  of  -ha  gain  function  0- 

(3)  The  right-hand  side  of  equation  (32)  becomes  zero  if 


tg  &  * 
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Fy(k-  0) 


and  t7-(aryt9(lta,  C)  -  ay  Ty,(l«z,C))  (54) 


For  sufficiently  thick  vires  (ka  >10),  the  functions  Ff  and  F^  do  not 
appreciably  differ  and  requirements  (34)  reduce  to 
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i.e.  to  the  conditions  for  circular  polarization  of  the  incident  field.  The 
explanation  in  this  case  is  obvious:  if  Ff  *  Fj,  the  hackscatter  properties 
of  the  wire  are  the  sane  for  fields  polarized  tangential  to  and  nor*al  to 
the  wire  axis  so  that  an  incident  field  which  for  the  direction  vertical  to 
the  wire  axis  is  circularly  polarized  will  lead  to  a  backacatter  field  which 
is  also  circularly  polarized  with  the  sane  direction  of  rotation,  but  the 
opposite  direction  of  propagation.  Seen  in  their  respective  directions  ox 
propagation,  the  two  fields,  therefore,  rotate  in  opposite  directions  and  an 
antenna  emitting  the  incident  field  cannot  receive  the  backscatter  field. 

Actually  Tj  will  not  become  zero,  but  will  be  very  small  since  the  an¬ 
tenna  will  still  receive  backscatter  power  fro®  directions  of  incidence 
other  than  90°  •  Mathematically  speaking,  the  right-hand  side  of  equation  (52) 
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i*  the  first  tern  of  an  asymptotic  expansion  of  the  power  ratio  7)  for  large 
kd.  If  this  tern  is  zero,  Tj  is  determined  by  the  second  asymptotic  term 
which  decreases  with  (kd)"^  as  opposed  to  the  (kd)“3  dependence  of  the  first 
term.  Since  kd  is  supposed  to  be  a  large  number ,  the  received  backscetter 
power  will  decrease  rapidly  as  conditions  (55)  am  approached. 

These  considerations  imply  that  the  receiving  antenna  is  identical  with 
the  tr&ncsitting  antenna.  If  the  receiving  and  transmitting  antennas  on  the 
other  hand  are  matched  to  circularly  polarized  fields  with  opposite  directions 
of  rotation,  the  fuU  available  backacatter  power  will  be  received  and  7},  as 
in  the  case  of  linear  polarisation,  is  given  by  equation  (53). 

10.  RADAR  CROSS  SBCTICM  CP  STRAIGHT  METALLIC  WERE 

Ve  saw  in  the  las+  section  that  the  radar  response  of  an  infinitely 
.jm g  wire  situated  in  the  far  field  region  of  the  illuminating  aatwua,  is 
determined  by  the  value  of  the  radiation  characteristic  of  the  antenna  for 
the  direction  of  vertical  incidence  only.  Hence  the  wire  can  in  principle  be 
replaced  by  a  finitely  bounded  scatter  object  with  an  appropriate  radar 
cross  section  placed  at  the  point  where  the  direction  of  vertical  incidence 
intersects  the  wire  axis.  Comparison  of  equation  (52)  with  the  .well-known 
radar  range  equation: 
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where  G  as  the  value  of  the  antenna  gain  function  for  the  direction  under 
which  the  antenna  sees  the  scatter  object,  Immediately  yields  for  the  equiva¬ 
lent  radar  cross  section 
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and  we  obtain  in  particular  for  the  case  of  a  linearly  polarized  incident 
field  if  the  direction  of  polarization  at  vertical  incidence  is  parallel  to 
the  wire  axia  (r>(x)  -  0) 
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and  if  the  direction  of  polarization  is  normal  to  the  wire  axis  (8^  ■  90°) 
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For  sufficiently  thick  vires  (k&  >  10),  and  Fj  can  be  approximated  by 
their  asymptotic  representations  (44),  and  equations  (58)  reduce  to 

<0^-5^  rad 

1/ 


The  radar  cross  section  of  a  long  wire  according  to  these  equations  increases 
linearly  with  distance  d  between  antenna  and  wire.  This  is  consistent,  with 
the  earlier  obtained  result  that  the  "effective  length"  of  the  wire,  i.e. > 
the  portion  of  the  wire  which  significantly  contributes  to  the  baekacatter 
field  near  the  antenna  increases  with  -^d?  .  Since  the  quantity  proportional 
to  the  effective  length  1  is  the  received  field  strength  and  the  quantity 
proportional  to  the  radar  cross  section  a  is  the  received  power,  we  have 
or  ~  A2  where  both  a  and  are  proportional  to  d. 

11.  COKCLEJSIOBS 

The  scatter  field  and  radar  response  of  an  infinitely  long  straight 
Metallic  wire  have  been  derived  under  the  assumption  that  the  source  of  exci¬ 
tation  is  an  antenna  radiating  a  Gaussian  bean  of  narrow  bean  width  in  the 
order  of  1°.  Two  cases  can  be  distinguished,  that  the  wire  crosses  the 
Fresnel  region  (near  field  region)  of  the  antenna  and  that  the  wire  is  situa¬ 
ted  in  the  far  field  region  of  the  antenna.  In  the  former  case,  the  theory 
is  United  to  wire  radii  a  <  pQ  where  p0  is  the  bean  radius  at  the  antenna; 
in  the  latter  case,  wires  of  arbitrary  diameters  are  adnissable.  The  follow¬ 
ing  results  have  been  obtained: 

(1)  The  scatter  field  produced  by  diffraction  of  the  Incident  bean 
at  the  wire  has  essentially  the  sane  distribution  in  every  plane  through  the 
wire  axis;  it  differs  from  plane  to  plane  only  by  an  amplitude  factor.  If 
the  wire  is  located  in  the  far  field  region  of  the  antenna,  the  scatter  field 
is  concentrated  near  a  conical  surface  (about  the  wire  axis)  whose  aperture 
eagle  is  equal  to  the  angle  which  the  axis  of  the  Incident  bean  incloses  with 
the  direction  of  the  wire  axis. 

(2)  The  fraction  T)  of  the  radiated  power  which  after  scattering  at 
the  wire  is  returned  to  and  received  by  the  antenna  is  at  a  maximum  for  ver¬ 
tical  incidence  -  when  the  beam  axis  intersects  the  wire  axis  at  right  angles 
and  decreases  exponentially  as  the  beam  axis  la  turned  ayay  from  the  direc¬ 
tion  of  incidence;  no  side  lobes  are  encountered  in  case  of  Gaussian  illumi¬ 
nation,  at  least  not  in  the  interesting  range  of  small  angular  deviations 

(<  15°)  from  vertical  incidence  where  T]  has  appreciable  values. 
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(3)  The  expression  derived  :.‘or  the  radar  response  of  a  wire  situated 
in  the  far  field  legion  of  the  illuminating  antenna  can  he  generalized  so 
that  it  holds  for  any  antenna  characteristic.  This  generalization  shows  that 
7]  is  proportional  to  the  square  of  the  value  of  the  radiation  characteristic 
of  the  antenna  for  the  direction  intersecting  the  vire  axis  at  right  angles. 
In  other  voids,  only  tbs  energy  radiated  by  the  antenna  in  the  direction  of 
vertical  incidence  will  contribute  significantly  to  the  bachscatter  power 
returned  to  the  antenna.  A  consequence  of  this  result  is  that  a  radar  cross 
section  can  be  assigned  to  the  wire,  even  though  it  is  as, lined  to  be  infi¬ 
nitely  long.  Tbia  radar  cross  section  increases  linearly  with  distance  be¬ 
tween  antenna  and  wire. 

(A)  The  radar  response  of  a  wire  in  the  far  field  region  of  the  an¬ 
tenna  decreases  with  the  inverse  third  power  of  distance  d  between  antenna 
and  wire.  The  deviation  front  the  usual  d~*  relation  is  due  to  the  fact  that 
the  scatter  object,  the  wire,  is  infinitely  extended  in  one  dimension.  If 
the  vire  crosses  the  Fresnel  region  of  the  antenna  (and  the  antenna  radiates 
a  Onusslan  bean)  the  radar  response  for  vertical  incidence  decreases  vith 
distance  d  according  to 
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where  pQ  is  the  been  radius  at  the  antenna. 

(5)  The  dependence  of  the  radar  response  T)  on  wire  radius  a  is 
essentially  the  same  for  a  wire  crossing  the  Fresnel  region  and  for  a  vire 
situated  in  the  far  field  region  of  the  antenna.  The  received  backscatter 
power  in  general  increases  vith  a,  and  for  thin  vires  (ka  <  l)  shows  a  narked 
dependence  on  the  polarization  of  the  incident  field.  An  incident  beam  po¬ 
larized  parallel  to  the  wire  axis  produces  a  substantially  otrunger  response 
than  an  incident  bean  polarized  normal  to  the  wire  axis.  With  increasing 
wire  radius,  the  dependence  of  T)  on  polarization  diminishes  and  practically 
disappears  when  ka  ^  10.  For  ka  >  10,  the  radar  response  increases  linearly 
with  a  for  either  polarization. 

'Ihe  theory  was  derived  assuming  that  the  incident  beam,  and  therefore 
also  the  field  scattered  by  the  vire,  are  strictly  time  harmonic .  The  results 
consequently  hold  for  CW- radar  systems,  but  can  be  applied  also  to  radar 
systems  employing  pulsed  fields  provided  the  frequency  spectrum  of  the  pulses 
is  sufficiently  narrow.  The  quantities  kd  and  (kpQ)2  can  then  be  treated  as 
constants  ana  the  expressions  derived  for  Tj  under  the  assumption  of  time 
hanncnic  field  will  be  valid  approximations  for  the  ratio  of  received  to 

t>r(u^SuU.  u  ucu  per  pUXBC  • 
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APPESI3IX  A 

APPROXIMATE  EVALUATION  OP  THE  RECIPROCITY  IHTK1RALS  Q*  A3TO  Qx  (Gsussiaa 

*  Illumination) 

We  evaluate  the  reciprocity  integrals  Qf  and  equations  (31).  The 
evaluation  procedure  uses  approximations  baaed  on  the  three  following  assump¬ 
tions  : 

(1)  The  beam  width  of  the  incident  Gaussian  beam  is  in  the  order  of 
1°.  This  means  kp0  is  in  the  order  of  100.  The  quantity  kd  io  in  the  order 
of  (kp_)^when  the  wire  crosses  the  Fresnel  region  of  the  entenna,  and  is 

large  compared  to  (kpQ)  when  the  wire  is  situated  in  the  antenna  far  zone. 

(2)  The  wire  radius  does  not  exceed  the  value 


(A.l) 


The  summation  over  m  in  the  integrand  of- equations  ( 31)  can  then  be  limited 

to  terms  with|m|<  Ptkpo)1*  +  (kd)2]^,  this  means  to  term  varying  with  a,  or', 
3  slowly  as  compared  to  the  exponential  part  of  the  integrand.  The  con- 
d  .tiort  a  <  a m  does  not  impose  a  severe  restriction.  For  a  wire  crossing 

the  Fresnel  region  of  the  antenna,  this  condition  essentially  requires 
a  <  pQj  therefore  wire  diameters  of  several  wavelengths  are  admissible. 
The  diameter  of  a  wire  in  the  antenna  far  rone  is  practically  not  limited 
by  this  condition. 

(3)  The  beam  axis  angles  Yy  and  yz  are  close  to  90°;  their  devia¬ 
tions  from  this  value  do  not  exceed  5.5° •  We  may  restrict  ourselves  to  con¬ 
sidering  a  small  vy>  Yz- range  se  Q$  and  decrease  rapidly  with  increasing 

deviations  of  Yy  and  yz  from  90°,  and  for  a  deviation  of  150  already  are 
exceedingly  small  (see  equation  ( A .  14 ) ).. 

Substituting  in  equations  (31) 
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Sinc^  kd  and.  (lcp0)  are  large  numbers,  the  exponential  function* 
en*mvu>v>vi  ln  tiie  integrand*  of  equation  (A. 3)  change  rapidly  with  u,v,w 
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while  the  functions  vary  only  moderately.  To  evaluate  the  integrals, 

ve  use  a  method  which  is  in  essence  the  method  of  steepest  descent. 

Differentiation  with  regard  to  u,  v,  v  shows  that  the  exponent  |%(u,v,v) 
becomes  stationary  at  the  point 
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where  u„  and  vH  are  solutions  of  the  (fourth  order)  equations 
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%  and  vm  have  the  power  series  expansions; 
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For  kd  «  (kp0)2  and  kd  »  (kp0)2  ,  ug,  and  vB  approach  real  values.  In  the 
first  t>aa«,  u-  *  vK  °  cot«  and  in  the  second  case,  u*  *  vfc  -»  0.  In  the 
intermediate  kd- range,  ua  and  va  are  costplex;  their  real  parts  lie  between  0 
and  cotg  Yy>  and  their  imaginary  parts  are  small  compared  to  unity. 
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The  paths  of  integration  with  regard  to  u  and  r  are  now  shifted.,  as 
indicated  in  Tig.  8,  so  thst  they  transverse  the  points  u  »  %  and  v  *  v* 
respectively.  Thus  modified,  the  range  of  integration  of  each  •  tarnation 
tens  in  equation  (A. 3)  includes  the  corresponding  ctationary  point  u  «  tfc, 

v  »  vB,  w  »  0.  Since  the  exponential  functions  e+^*^u,v,v^  at  thesa  points 
have  aaxlmua  amplitude  and  zero  phase  change  and  in  Moving  away  fra*  these 
points  decrease  and  oscillate  rapidly, only  the  immediate  neighborhood  of  the 
points  u  *>  Ug,  v  «  vB,  v  »  0  will  appreciably  contribute  to  the  values  of  the 
integrals  in  equation  (A-3) •  In  these  neighborhoods,  the  functions  and 
A^*'  do  not  vary  noticeably, and  the  exponents  p*  can  be  replaced  by  second 
order  approximations* 
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This  result  can  be  sinplified  further.  An  estlaate  based  on  tbs  as- 
suaptions  stated  at  the  beginning  of  this  appendix  shoes  that  the  functions 
p(*AYy»Yz)  can  be  replaced  by  second-order  approximations  in  cotg  Yy  and 
cotg  Yzi  the  approadnate  expressions  becoae  independent  of  a: 
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Expanding  the  exponent  in  (A. 12)  into  a  power  series  in  eotg  Yy  and.  ne¬ 
glecting  6th  and  higher  order  terms  we  finally  obtain 
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APPHEtX  B 

ASiKBPTOTIC  mLUATICB  CT  RECIFROdTT  MTEBURALS  ^  AID  Qx  (Arbitrary 

Illumination) 

Assuming  that  the  wire  la  located  in  the  far  field  region  of  the  an¬ 
tenna,  we  evaluate  expressions  (30)  for  Q§  wad  Qf  aeynptoticolly  using  the 
method  of  stationary  phase.  For  large  hi,  the  exponential  function 

exp{-ikd  (cosor  +  coscr')sinp}  varies  rapidly  with  or,  or',  p>  and  all  other 
terns  in  the  integrands  on  the  right-hand  side  of  equations  (30)  can  be 
regarded  as  slowly  varying  when  cospared  to  this  function.  Differentiation 
with  regard  to  a,  a',  and  £  shews  that  the  exponent  ha?,  -tit  saddle  point 
within  the  range  of  integration*  at 


O  (  /}  -•  90° 


Since  ltd  is  assumed  to  be  very  large,  only  the  1  n  Hate  neighborhood  of 
this  stationary  point  will  contribute  appreciably  to  the  value  of  the  inte¬ 
grals  Qf  and  Qf .  In  tills  neighborhood,  all  terns  of  the  integrands  apart 
fron  the  exponential  i unction  remain  essentially  constant;  for  the  exponent, 
we  use  the  second  order  approximation 
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where  AB  *  p  *.  n/2.  Without  sacrificing  accuracy,  the  range  of  integration 
can  be  extended  to  -»  <  or,  o' ,  B  <  *  ••  Using  the  relation 


*  O® 


*0n  the  boundary  cf  the  range  of  iategrftion,  the  exponent  has  further 
saddle  points  at  cr,  or'  *  £*/2,  P  ■  0,  n.  These  stationary  points,  however, 
do  not  yield  an  asymptotic  contribution  to  Qf  and  as  the  slowly  varying 
part  of  the  integrand  at  p  *  0,  tt  becomes  zero. 

5  6 


ve  thus  obtain  for  Q$  and 


It"  tf(Uc)  ~^7  /W>) 


*  -  It  7  Z-\[j^  k~  fy(i '<&,C)  — 


<j‘(0,C) 


(B.l) 


where  P$(ka,0)  and  F^(3ta,0)  are  given  by  equations  (A. 13)  with  r  »  0. 
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